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ABSTRACT 


A  machined  ring-stiffened  cj Under  was  subjected  to  hydrostatic  pressure 
to  investigate  the  effect  of  various  sizes  of  central  heavy  frames  on  its  elastic 
overall-buckling  strength.  The  cylinder  was  tested  initially  with  a  large  central 
frame,  which  was  systematically  reduced  by  machining  after  esch  successive  non¬ 
destructive  test  until  it  was  the  size  of  a  typical  frame. 

The  tests  demonstrated  that  a  heavy  fraine  can  be  an  effective  substitute 
for  an  internal  bulkhead  in  increasing  the  general-instability  strength  of  a 
cylindrical  pressure  hull. 

.4  short  empirical  solution  based  on  the  Ldvy  ring  formula  has  been  developed 
which  yields  results  in  close  agreement  with  the  experimental  findings. 

Kendrick’s  Part  IV  theory  showed  generally  good  -greement  with  ex^iment 
for  the  geometry  investigated  only  for  cases  in  which  the  heavy  frame  was  soB^what 
less  tiian  fully  effective.  ,4  modification  of  this  theory  is  presented  which  agrees 
better  with  experiment. 


INTRODUCTION 

The  efficiency  of  intermediate  heavy  frames  in  increasing  the  elastic  general-instability 
strength  of  hydrostatically  loaded  ring-stiffened  cylinders  is  being  investigated  at  the  David 
Taylor  Model  Basin  as  a  part  of  the  submarine  structural  research  program.  This  information 
is  important  for  the  efficient  structural  design  of  long  comparUnents  of  deep-diving  submarines. 
Xo  proven  design  methods  are  presently  available  for  determining  the  properties  and  locations 
of  such  heavy  frames. 

For  the  experimental  phase  of  this  project,  a  ring-stiffened  cylinder  was  designed  with 
a  central  heavy  frame,  which  was  expected  to  divide  the  cylinder  so  that  each  half  would  act 
independently.  As  the  size  of  the  heavy  frame  was  reduced  i*  stages  by  machining  and  the 
cylinder  was  tested  no.idestructively,  an  experimental  cu.'ve  of  collapse  pressure  versus  the 
size  of  the  iieavy  frame  was  ontaiaed.  Based  on  these  results,  a  short  empirical  formula  for 
predicting  collapse  pressures  was  developed. 

The  ar.nlytical  phase  of  the  problem  began  with  an  examination  of  a  throretical  solution 
obtained  by  Kendrick.*  It  was  decided  that  the  accuracy  of  this  solution  could  be  improved 
through  ir.oditicaiions.  Accordingly,  a  new  solution  was  developed,  and  both  were  prograrr.iiied 
for  the  IH\!  ^090  computer. 

In  th's  report,  both  the  experimental  and  theoretical  pnnses  of  the  inve.stigation  arc  de¬ 
scribed,  and  the  results  from  theory  r.nd  experiment  are  con.'pared. 


*Kefcrencrs  arr  iiatcd  on  page  1*^. 


EXPERIMENT 


DESCRIPTION  OF  MODEL 

Tho  model  was  accurately  maciiined  to  the  dimensions  shown  in  Figure  1  from  a  sceel 
tube  whose  high  yield  strength  (100,000  psi)  was  sufficient  to  prevent  inelastic  action  prior 
to  the  onset  of  buckling.  The  central  frame  was  undercut  as  shown  so  that  subsequent  reduc¬ 
tions  in  its  width  would  not  significantly  change  the  unsupported  length  between  it  and  the 
two  end  rings. 

The  sequence  of  reductions  of  the  heavy  frame  followed  in  the  testing  program  is  shown 
schematically  in  Figure  2  and  the  dimensions  of  each  case  are  given  in  Table  1.  After  the 
first  test  in  which  the  dimensions  of  the  heavy  frame  were  as  shown  for  Case  i,  the  frame  was 
machined  equally  on  both  sides  to  the  dimensions  given  for  Case  2.  This  proced  .re  was  re¬ 
peated  until  Case  8  was  tested,  after  which  the  height  of  the  her^j  fra.Tie  was  reduced,  in 
stages,  to  typical  size  (Case  14). 

The  sequence  was  arranged  so  that  removal  of  a  unit  of  frame  material  would  result  in 
a  large  reduction  in  torsional  rigidity  for  Cases  1  through  S,  and  a  large  reduction  in  beading 
rigidity  for  Cases  9  through  14.  In  this  way,  it  was  hoped  that  the  effects  of  these  two  stiff¬ 
ness  properties  could  be  examined  separately. 

The  parameter  chosen  as  a  realistic  measure  of  bending  rigidity  is  the  moment  cf  inertia 
of  the  fram^-shell  section,  which  includes  the  stiffener  plus  one  tj^pical  bay  length  of  shell.  A 
schematic  diagram  of  t.  frame-shell  section  is  shown  in  Figure  3,  and  the  parameters  for  each 
case  are  given  in  Table  2.  The  moment  is  taker,  about  the  longitudinal  centroidal  axis. 


Figure  1  -  Schematic  Diagram  of  Axial  Section  of  Ring-Stiffened  Cylinder 
with  Centra!  Heavy  Frame 


TABLE  1 


TABLE  2 


Heavy  Frame  Parameters 


Parameters  of  Franie-Sholl  Section 


Case 

^FS 

in. 

in.'* 

1 

0.236 

0.177 

0.004940 

mm 

2 

0.234 

0.170 

0.004614 

53.4 

3 

0.232 

0.162 

0.004263 

53.9 

4 

0.229 

0.153 

0.003B7B 

49.1 

5 

0.225 

0.141 

0.003451 

43.7 

6 

0.224 

0.127 

0.002950 

37.3 

7 

0.224 

0.109 

0.0L7367 

30.0 

8 

0.224 

0.073 

0.0015SB 

20.1 

9 

o.r9 

0.054 

0.001135 

14.4 

1C 

0.174 

0.050 

0.000767 

9.7 

11 

mm 

0  037 

0.000484 

6.1 

12 

Ij8|9 

C.026 

0.000280 

3.5 

13 

0.01? 

0.000143 

LB 

14 

IB 

0.011 

0,000079 

1.0 

*ep  is  distance  from  centroid  of  shell  to 
•.entroid  of  tiazae. 

^stance  Croa  centroid  of  shell  to 
centroid  of  frase>shell  section. 

3>oraent  of  iceitre  of  beavy'frame- 
shell  section  about  its  centroidL 

i*  nxHsent  of  inert*i  of  typical-frficie* 
shell  section  about  sts  ccr/izoid. 

*! 

Case 

iVidlh 

B 

in. 

Height 

H 

in. 

0.511 

0.40! 

0.451 

0.401 

0.39! 

0.401 

0.331 

0.401 

0.271 

0.401 

G.211 

G.401 

7 

0.151 

0.401 

0.036 

0.401 

0.086 

0.351 

10 

G.0E6 

0.301 

11 

0.086 

0.251 

12 

0.086 

0.201 

13 

0.085 

0.151 

14 

C.086 

0.116 

INSTRUMENTATION  AND  TEST  PROCEDURE 

The  model  was  jnstrumented  with  electrical-resistance  strain  gages  oriented  circumfer¬ 
entially  on  the  exterior  surface  of  the  frames.  Gages  were  located  every  15  deg  on  Frames  6, 
11,  and  16  to  determine  the  circumferential  buckling  pattern.  The  longitudinal  deflection  pat¬ 
tern  was  determined  by  gages  located  on  every  frame  along  one  generator.  Figure  4  shows  the 
cylinder  instrumented  for  the  first  test.  The  critical  pressures  were  obtained  by  applying  the 
Southwell  method^*  tc  the  strain-pressure  plots  of  the  gages  on  Frames  6  ard  16  for  the  n  =  4 
bucklin'  mode  and  on  Frame  11  for  the  n  =  S  buckling  mode. 

In  addition,  acceleration  pickups  were  attached  to  the  surface  of  the  shell  to  determine 
the  critical  buckling  pressures  by  a  nondestructive  vibration  method.**  Tests  were  carried 

•The  liccuracy  of  the  Southweii  es  to  sUffenea  shells  has  been  shown  fronv  earlier  tests*  to 

be  within  3  percent  of  the  actual  collaose  pressures. 


••The  ribration  method  ;s  described  bnefly  in  Heferesces  3  and  4. 


out  with  intsrnal  as  well  as  external  pres¬ 
sure  applied  to  the  cylinder.  This  :nethcd 
permits  determination  of  the  pressures 
associated  with  the  nonc.ntica!  as  well  as 
with  the  critical  modes. 

The  e.nd-closure  nrrangeraent  used  on 
the  model  for  the  tests  is  the  same  as  that 
used  for  Case  1  in  Reference  .5,  where  it 
was  found  that  experimental  pressures  ob¬ 
tained  with  these  closure  plates  agreed 
closely  with  the  theory  of  Reference  6 
(.second  solution). 

TEST  RESULTS  AND  DISCUSSION 

In  all  the  static  tests  the  charac¬ 
teristic  lobar  strain  patterns  appeared  at 
pressures  well  below  buckling  and  grew 
rapidly  as  pressure  was  increased.  These 
strains  provided  the  necessary  data  for  the 
application  of  the  Southwell  method  to  de¬ 
termine  elastic  buckling  pressures  and  also 
indicated  the  associated  buckling  inodes. 

The  experimental  fX’essure.s  obtained 
by  the  Southwell  and  the  vibration  methods 
for  each  case  are  listed  in  Table  3  and  are 
represented  graphically  in  Figure  .n,  where 
the  abscissa  scale  represents  the  ratio  of 
the  moment  of  inertia  of  the  heavy-frame- 
shell  section  Ufs^  ^  typical-  Figure  4  —  Cylinder  Instrumented  for 

riame-shcll  section  (7^^).  First  Test 

The  curves  of  Figure  5  show  the  transition  in  the  critical  pressure  and  buckling  mode 
as  successive  decreases  in  the  heavy  frame  effectively  lengthen  the  cylinder.  Figure  6  shows 
the  variation  of  the  critical  pressure  and  mode  with  overall  length  of  a  uniformly  stiffened  cyl¬ 
inder  having  the  same  t\-pical  geometry  ns  the  nxidel  tested.  The  theory  of  Reference  6  (second 
solution)  was  used  to  calculate  the  curves.  For  the  heaviest  central  frame  investigated  (Case  1), 
the  critical  pressure  of  412  psi  obtained  by  the  .x>uihwe)l  method  is  in  close  agreement  with  the 
pressure  of  400  psi  (n  =  4)  obtained  from  Figure  6  for  a  uniformly  framed  cylinder  of  one-half  the 
tots!  model  length.  The  experimental  buckling  mode  was  n  =  4  for  each  half  of  the  cylinder,  and 
the  patterns  were  staggered  with  respect  to  each  other  as  shewn  in  Figure  7. 
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Table  2  There  was  HtUe  reduction  in  the  criticai 

■c.  -..in  r  n  ••  11  j  oressure  as  the  hesvv  frame  was  reduced  in  siie 

Experimental  Pressures  from  SoutnwaJi  and  ■ 

Vibration  Methods  until  a  point  between  Cases  7  and  8  was  reached. 

Thus  this  experimental  e'idence  indicates  that  a 
very  rigid  internal  bulkhead  can  be  replaced  by  a 
frame  of  fat  less  weight  with  no  apparent  loss  in 
strength.  Beginning  with  Case  8  the  deformation 
pattern  changed  to  the  n  =  S  mode,  and  the  lobes 
extended  over  the  full  length  of  the  cylinder;  see 
Figure  7.  Figure  8  shows  the  transition  from  the 
r>  =  4  to  the  n  =  3  mode  in  the  deformation  pattern 
observed  at  Frames  6  and  16.  .\lso  shown  is  the 
defermation  patUrn  of  Ftame  11  which  had  three 
lobes  for  all  cases  tested.  The  transition  from 
n  =  4  to  n  =  3  occurred  at  a  Southwell  pressure 
of  394  psi  which  agrees  extremely  well  with  tho 
pre.ssure  of  388  psi  determined  from  Figure  6. 

Further  redneUem  in  the  size  of  the  heavy 
fiame  was  accompanied  by  a  large  nonlinear  re¬ 
duction  in  the  critical  pre.acure  of  the  cylinder. 
For  the  limiting  case  of  a  typical  frame  at  the 
center  of  tho  model  (Case  14),  the  Southwell 
expierimental  ^x-essure  of  21D  psi  (n  =  .3)  was 
exactly  the  same  as  that  {xedicted  from  Figure  6. 

.4s  previously  discussed,  reductions  in  the  torsional  rigidity  of  the  be'vvv  frfune  were 
greatest  in  progressing  from  Case  1  to  Case  8-  Yet  Figure  5  shows  that  ‘-Hose  reductions  bad 
little  effect  on  the  general-instability  strength  of  the  cylinder  even  though  it  was  in  this  range 
that  the  antisymmetric  longitudinal  f^Uern  required  twisting  of  the  heavy  frame  (Figure  7).  The 
significant  losses  in  sa-englh  appoar^l  in  the  range  from  Case  8  to  Ce-«e  14  where  reductions  ir. 
the  bending  rigidity  were  greatest  and  where  the  longitudinal  pattern  was  symmetric  with  no 
twisting  of  the  heavy  frame. 

It  would  thus  appear  vhat  torsional  rigidity  of  external  frames,  at  leas’,  is  of  relatively 
little  importance  and  bending  rigiditv  is  of  prime  importance  in  det^tnlning  the  abililv  of  inter¬ 
mediate  heavy  frames  to  increase  the  general-instability  strength  of  a  rina.=i- fered  cjlinder. 

EMPIRICAL  HEAVY-FRAME  FORMULA 

A  convenient  empirical  method,  baseo  on  the  Ldvy  ring  formula,'  ha.=  been  developed 
^  >r  determining  the  elastic  overall-buckling  pressu'e  of  a  u.niformiy  ring-stiffened  cv|:  .-ter 
with  intermediate  heavy  frames.  The  nng  formula  of  Reference  7  has  been  adapted  to  the 
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Experitsental  Pressure,  psi 

Case 

Southwell  ‘ielhod 

Vioration  Method  1 
, 

n*=  3 

n  =  4 

71=  3 

n=  4 

1 

412 

43S 

2 

403 

3 

404 

t 

•» 

399 

5 

399 

5 

406 

492 

422 

7 

396 

458 

422 

S 

3S0 

401 

419 

9 

344 

365 

413 

10 

312 

334 

423 

11 

275 

^2 

12 

2IS 

776 

13 

224 

247 

402 

M 

210 

237 

405 

•n  is  Us-  nu=*<.T  ot  circomfereatiil  tadcUez 
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Figure  5  -  Experimental  Pressures  versus  Heavy  Frame  Parameter 
present  problem  by  redefining  the  geometric  parameters  as  follows: 

'fs= - ;; -  (■■ 

where  it  is  assumed  that 

\-Px-PbJ 

for  the  range  where  I  p^^  I  p^,  [ie,e 

Ips  is  tho  moment  of  inertia  of  the  heavy-frame-sbell  section, 

Pgf  is  the  critical  pressure  of  the  cylinder, 

E  is  the  modulus  of  elasticity  of  the  cylinder  material, 

iecUon"'^‘“"  heavy-frame-shell 


-  400 


...  Pa_^ 


4  8  12  16  20  24  28  32  36  40  44 

LooQth  of  Cylinder  in  inches 

Figure  6  —  Kendrick  Part  III  (Second  Solution)  versus  Length  of 
Uniformly  Stiffened  Cylinder 


Lg  is  the  effective  length  of  that  portion  of  the  cylinder  which  loads  the  heavy  frame, 

Pn  is  the  critical  pressure  of  the  cylinder  with  the  heavy  frames  replaced  with  typical 
frames  (Figure  6), 

m  is  the  critical  buckling  mode  determined  for  pg, 

Lj  \s  the  typical  frame  spacing, 

Lp  is  the  heavy-frame  spacing, 

Pjj"  is  equal  to  pp  or  whichever  is  the  lower  pressure, 

Pp  is  the  critical  pressure  of  the  uniformly  stiffened  cylinder  of  length  Lp  (Figure  6),* 
and 

p^  is  the  critical  pressure  at  which  the  critical  mode  changes  from  m  to  m  +  1  as  the 
length  of  the  uniformly  stiffened  cylinder  is  reduced  (Figure  6). 

Thus  the  size  of  the  heavy  frame  in  the  range  p^  ^  p^^  ^  pg  is  dependent  upon  two  limiting 
conditions.  For  the  lower  pressure  limit  pg,  the  heavy  frame  is  equal  in  size  to  a  typical 
frame  and  the  load  acting  on  it  is  the  pressure  over  one  typical  frame  spacing  of  shell.  As 


•This  is  the  inaxtraum  pressure  obtainable  {or  a  stiffened  cylinder  with  intermediate  heavy  frames. 
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Pattern  n  *  4 
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r  Frames  6  end  16 

\  A« 


180* 


Circumferential  Buckling 
Pattern  n  •  3 


/-Frame  II 


O-aegroe  Generator 


Synii'iiuii'!:  Longitudinal  Buckling 
Shape  for  Circumferential  Buckling 
Pottern  of  n  '  3 


Figure  7  -  Experimental  Buckling  Configurations 


the  heavy  frame  is  made  larger,  it  assumes  increasingly  more  of  the  total  load.  At  the  upper 
pressure  limit  the  .maximum  pressure  for  which  there  exists  an  overall  symmetrical  buckling 
.shape  (Figure  7),  the  heavy  frame  is  loaded  by  the  pressure  acting  on  one  heavy-frame  spacing 
of  cylinder. 

The  size  of  the  heavy  frame  in  the  pressure  range  pp  =  =  p^^  can  be  calculated  from 

the  formula 


^FS  =  4  +  O'fs 


^cr  ~  Pm 


where  Ip'g  = 


Pp 


and  L  is  the  moment  of  inertia  of  the  heavv-framo-shell  section  deter¬ 


mined  for  p^  from  Equation  [1].  .Any  further  increase  in  the  strength  of  the  heavy  frame  will 
not  increase  the  critical  pressure  because  the  failure  will  occur  between  the  heavy  stiffeners. 

In  Figure  9,  the  experimental  results  are  compared  with  empirical  curves  based  on 
Equations  [t]  and  [2]  and  determined  by  two  different  ela.stic  overall-instability  solutions. 
The  solid  curve  was  obtained  by  determining  the  values  of  pp,  pp,  and  p^  from  Figure  6.* 


♦An  alternative  method  for  determimng  the  values  of  pp,  an.-l  p^^  with  reasonable  accuracy  is  by  using  the 
graphicn!  solution  of  Reference 
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The  agreement  between  the  oxperiniental  and  the  calculated  results  is  very  good  for  all  sizes 
of  the  heavy  frame.  The  broken-iine  curve  in  Figure  9  was  obtained  by  determining  the  values 
of  Pfl)  Pf)  P„  from  curves  similar  to  those  in  Figure  6  but  computed  from  Bryant’s  equation*® 
for  elastic  general-instability  strength.  The  agreement  between  the  broken-line  curve  and  the 
experimental  results  is  also  good,  but  somewhat  unconservative,  for  all  sizes  of  the  heavy  frame. 
The  results  thus  calculated  would  be  more  conservative  if  the  effective  moment  of  inertia  (7^) 
found  from  Equation  [1]  of  Reference  8  is  used  in  the  second  term  of  Bryant’s  equation.  Closer 
agreement  with  experimental  results  is  also  obtained  if  the  values  of  Pg  and  pp  are  computed 
from  Bryant’s  equation  and  is  approximated  b>  the  equation 

!!)(m  +  2)E 


In  this  way,  the  need  for  drawing  curves  similar  to  those  of  Figure  0  is  eliminated. 

THEORY 

RESUME  OF  ANALYTICAL  WORK 

Kendrick’s  (Part  IV)  analysis*  of  the  buckling  of  a  ring-stiffened  cylinder  with  inter¬ 
mediate  heavy  stiffeners  is  the  only  theoretical  treatment  of  this  problem  known  to  the  authors. 

•Bryant's  equation  is  as  follows; 


Eh 

p=-- 


E!  (n^  -  1) 


where  A  is  the  shell  thiclcness, 

R  is  the  mean  radius  of  the  shell, 
n  is  the  number  of  circumferential  lobes, 

X  R/L  and 

is  the  overall  length  of  the  cylinder. 

The  moment  of  inertia  /  is  taken  about  ttie  centroid  o.  a  c-*cUun  cmniiricing  one  snoill  frame  plus  a  portion  of 
shell  of  Ic.ngth  Lp  It  can  be  -.cit'cn 

V'/  A^ 

,= 


where  is  the  area  of  a  small  frame, 

/y  is  the  moment  of  inertia  of  the  frame,  and 

e.  Is  the  distanre  from  the  midsurface  of  the  shell  to  the  centroid  of  the  frame. 

Bryant’s  equation  is  usually  written  with  R  instead  of  Rq  in  the  second  term.  Use  of  Rp  leads  to  slightly  more 
conservative  results. 
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Figure  9  -  Empirical  Heavy  Frame  Formula  Compared  with  Experimental 
Southwell  Critical  Pressures 


The  analysis  considers  a  cylinder  of  finite  length  (shown  in  Figure  10)  stiffened  by  sets  of 
equally  spaced  light  frames  located  between  equally  spaced  heavy  frames  and  terminated  by 
rigid  bulkheads.  The  approach  is  the  .same  as  that  used  by  Kendrick  in  previous  analyse.s.® 
The  total  potential  of  the  system  is  obtained,  a  set  of  buckling  displacements  is  assumed, 
and  the  buckling  equations  are  then  derived  from  the  condition  of  minimum  potential  energy. 
The  assumed  buckling  displacements  used  by  Kendrick  for  the  present  problem  are: 


u 


V 


w 


.4j  Uj  (a)  cos  7i& 

f  17  O’ 

1^1  (!■)  +  I  sin  I  +  ^3  I  S'" 


nx 


wj  (x)  +  C2  I  sin  — —  I  +  (73  I  si 
*"/ 


,1  . 

—  1  Sin  nd 

Lp  J 

nx  I 

i..  - —  !  cos  n< 
Lp.  J 


13] 
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Figure  10  -  Longitudinal  Configuration  of  Radiai  Buckling  Displacement  (Kendrick  Part  IV) 


where 


>  OiiiqLi 


Vi(x)  =  Wj(a-)  =  sin 


2qL 


f  ) 


“i  (^)  =  0 


-1  I 

V  qL^i  xi:  qL. 

=  «■,(*).  1  J  >  »  i 


Lf^  -  qL,  ^  X  ^  Li 


[i 


[5 


(6 


and  where  z  and  &  are  the  axial  and  circumferentiai  coordinates, 

u,  V,  and  a  are  the  axial,  tangential,  and  radial  displacements, 

A,,  Bj,  etc.  are  arbitrary  coefficients, 

is  the  bulkhead  spacing,  and 

q  is  an  arbitrary  number  which  perndts  the  formation  of  a  flat  centrr.l 

portion  of  variable  length  as  shown  in  Figure  10. 

When  q  is  given  the  value  Bj/2  By,  the  shape  of  the  radial  deflection  between  bulkheads  is  a 
half  sine  wave.  Since  there  are  seven  arbitrary  coefficients  in  the  buckling  deformations  [3], 
the  system  possesses,  in  a  sense,  seven  degrees  of  freedom  which  a' low  independent  defor¬ 
mations  between  the  light  frames,  the  heavy  frames,  and  the  bulkheads  (also  shown  in 
Figure  10).  It  should  be  pointed  out  that  the  use  of  this  deflection  pattern  results  in  neglect 
of  the  torsional  rigidity  of  the  heavy  frames,  an  assumption  that  is  not  unreasonable  in  view 
of  the  experimental  observations. 

After  some  deliberation,  it  was  concluded  that  Kendrick’s  theory,  while  basically 
sound,  might  be  improved  on  two  counts.  First,  the  generality  could  be  expanded  by  per¬ 
mitting  one  additional  degree  of  freedom.  This  was  done  by  adding  to  the  axial  displace¬ 
ment  u(z,6)  a  second  component  varying  periodically  between  adjacent  heavy  frames,  i.e., 


u 


.  d  .  .  nx 

A3  —  I  sin-— I 

7T  tfr  p 


cosnB 


[7j 


* 


The  contribution  of  this  additional  degree  of  freedom  can,  perhaps,  be  better  understood  by 
considering  the  case  in  which  the  heavy  frames  are  infinitely  rigid.  The  overall-displacement 
components  between  bulkheads  would  then  be  expected  to  vanish  (i.c.,  Aj  =  Bj  =  Cj  =  0), 
and  the  problem  should  reduce  to  that  of  a  uniformly  stiffened  cylinder  of  length  Lp.  For 
the  solution  of  that  problem  Kendrick®  found  that  five  degrees  of  freedom  wore  needed.  In 
his  Part  IV  analysis  only  four  would  remain  but  with  the  addition  of  the  axial  component 
appearing  in  Equation  [7!  the  buckling  configurstion  becomes  identical  with  the  first  solution 
of  Reference  6. 

The  second  shortcoming  in  the  theory  of  Reference  1  concerns  the  circumferential 
stresses  associated  with  the  initial  cr  prebuckling  deformation.  In  previous  analyses  of 
uniformly  stiffened  cylinders,  Kendrick®  has  shown  that  it  is  sufficiently  accurate  to  approx- 
imato  this  deformation  by  a  uniform  contraction  of  the  cylinder.  The  circumferential  stress  oq 


*While  this  function  violates  continuity  of  the  shell  at  the  heavy  frames,  it  is,  nevertheless,  consistent  Vt-ith 
the  discontinuities  in  slope  arUing  from  the  confitrurotior.s  assumed  for  the  other  two  displacements  v  and  'Xb 
It  would  be  logical  to  add  a  ninth  degree  of  freedom  to  allow  periodic  axial  deflections  between  li^ht  frames. 
However,  since  the  theory  of  Reference  6,  which  excludes  this  component,  has  shown  excellent  agreement  with 
experiment.^'^  its  absence  is  evidently  a  serious  defecL  It  v'ould  conceivably  become  so  only  in  cases 
where  the  buckling  is  of  the  interframe  (von  .Xlises)  type. 
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is  thus  constant  everywhere.  In  his  heavy-frame  analysis,  Kendrick  continues  the  use  of  this 
approximation  and  assumes  that  the  circu.T.fereutial  atress  is  given  by 


0(1=  ~ 


pRLp 

hL/ p 


[8] 


where  Ap  is  the  area  of  a  heavy  frame, 
is  the  area  of  a  light  frame, 

A'j  is  the  number  of  light  frames  between  heavy  frames, 
k  is  the  shell  thickness, 

Lj  is  the  small-franie  spacing,  and 

Lp  is  the  heavy-frame  spacing  equal  to  {S\  + 

So  long  as  Aj  and  Ap  are  approximately  equal,  the  above  approximation  for  oq  is  reasonable. 
However,  if  Ap  becomes  very  large,  the  stresses  in  the  small  frames  and  in  the  shell  will  be 
greatly  underestimated.  Thus,  as  Ap  increases,  the  buckling  pressure  also  increases  without 
limit.  This  is  contrary  to  the  experimental  results  (Figure  5)  which  show  that  beyond  a  certain 
size  further  increases  in  the  heavy  frame  had  practically  no  effect  on  the  collapse  pressure. 
Consequently,  it  would  appear  that  the  use  of  Equation  [8]  can  lead  to  unconservative  results. 

The  second  modification,  therefore,  was  to  eliminate  this  difficulty  by  replacing  Ap  by 
/ly  in  the  equation  for  ag.  Now 


pRLf 

Tf+TTf 


[9] 


This  equation  is  identical  with  that  used  in  Kendrick’s  Part  III  analysis®  and  so  should  be 
reasonably  accurate  when  the  heavy  frames  are  of  sufficient  strength  to  aoi,  as  bulkheads. 

Both  Kendrick’s  Part  IV  analysi.s  and  the  TMB  solution  incorpoiating  the  two  .modi¬ 
fications  introduced  by  Eouations  [7j  and  [9j  were  programmed  fo  the  IBM  7090  computer, 
and  calculations  were  carried  out  for  comparison  with  each  other  and  with  experiment. 


RESULTS  AND  DISCUSSION 

In  F  gure  11  the  elastic  general-instability  pressures  computed  from  both  Kendrick's 
Part  IV  solution  '.nd  the  T.MB  solution  are  plotted  against  the  ratio  Ipp/lf^  together  with  the 
exfierimentai  results.  In  all  cases  y  was  given  the  value  L^/2Lf  (the  computer  program  will 
accept  any  value  for  g)  to  restrict  the  overall  buckling  shape  to  a  half  sine  wave.*  The 


•In  general,  the  buckling  pressure  will  be  a  numntum  for  some  particular  value  of  q  which  need  net  be  L-^;7.Lj. 
The  restriction  on  Q  v.as  niadc  only  to  the  results  of  this  initial  investigation.  Pespite  this  rcstnction 

the  results  of  the  TMB  solution  were  always  conservative.  The  effect  of  varying  q  will  be  considered  in  a 
subsecuent  report. 
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Figure  11  -  Theoretical  Heavy  Frame  Solutions  Compared  with  Experimental 
Southwell  Critical  Pressures 

broken-line  curves  of  Figure  11  show  that  Kendrick’s  Part  IV  solution  agrees  well  with  exper¬ 
iment  only  in  the  region  where  the  third  mode  is  critical.  When  Ifs/lfs  exceeds  10,  the  second 
mode  according  to  Kendrick’s  solution,  becomes  critical,  a  transition  that  was  never  observed 
experimentally.  .As  tlie  heavy  frame  continues  to  increase  in  size,  the  Kendrick  predicted  pres¬ 
sures  rise  ra-'dly  with  no  apparent  limit,  so  that  the  solution  is  highly  unconservative  in  the 
upper  range  of 

The  solid  curves  show  that  the  TMB  solution  is  conservative  for  all  cases  tested  and 
that  the  agreement  with  experiment  is  very  good  for  the  modes  n  =  3  and  =  4.  In  particular, 
this  solution,  like  the  experimental  pressures,  approache.®  an  upper  limit.  However,  the  un¬ 
realistically  low  pressures  which  this  .solution  gives  for  the  second  mode  in  the  lower  range 
^FS  '^fs  cannot  be  disregarded.  There  the  solution  not  only  fails  to  predict  correctly  the 
critical  mode  but  grossly  underestimates  the  effectiveness  of  the  heavy  frame. 

Evidently  both  solutions  have  a  s.hortcoming  which,  for  the  cylinder  tested,  results  in 
the  appearance  of  the  second  mode  at  pressures  far  below  those  for  the  other  inodes  in  many 
of  the  cases.  The  difficulty  probably  arises  from  the  fact  that  in  both  solutions  the  shell  is 
assumed  hinged  at  the  heavy  frame.  .As  the  frame  is  reduced  in  size,  the  weakening  effect 
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am.  hi,..g.  becomes  more  important  „lil  the  typicl  sino  i,  „,cb„d,  nt  which  point  both 
noln.,0  ,0  nre  offect,  for  .  cylimic,  of  l.ngth  L,  with  one.ond  simply  snpportad  »n,i  tbs 
on  in  o  oct  Pros,  Althongh,  lot  !!.o  cylinder  tostad,  thoorolioally  the  second  mode  np. 

sITLT  *” 

y  a  ec  .At  present,  no  simple  means  has  been  found  for  eliminating  this  shortcoming. 

SUMMARY  OF  RESULTS 

To  summarize  the  results  of  this  study  Table  4  piesents  the  experimental  buckling 
pressures  as  determined  by  the  Southwell  Method  together  with  the  pressures  given  by  the 
empirical  and  analytical  solutions,  for  all  cases  tested.  Results  of  the  empirical  solution 
correspond  to  the  curves  of  Figure  9  and  are  obtained  using  pressures  calculated  from,  in 
one  case,  Kendrick’s  Part  m,  second  solution,^  and  i„  the  other,  Bryant’s  equation.^  Of  all 

methods.  It  appears  that  the  empirical  solution  employing  iCendrick’s  analysis  agrees 
best  with  experiment.  ® 


Summiiy  of  Results 
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Critical  Pressure,  psi 
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j  urperimental 

Empirical  Solution* 

T - — — — — 

1  Theoretical  Solutions 
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(Southwell 

Method) 

A 

6 

Kendrick 

Part  IV 

1 - 1 

TMB  i 
! 

1 

!  13 

12 

11 

iC 

0 

8 

7 

r 

V 

5 

4 

3 

? 

) 

i — rr 

1.0 

1.8 

3.5 

fi.I 

3.7 

14.4 
ru.i 
30.0 

no  as 

o/.o 

43.7 

49.1 

53.9 

58.4 

62.5 

210  (3)** 
224  (3) 

249  (3) 

275  (3) 
312(3) 

344  (3) 

330  (5) 

396  14) 

406  (4) 

399  (4) 

399  (4) 

404  (4) 

409 (4) 
412(4) 

210  (3) 
223 (3) 
248  (3) 
277  (3) 
312(3) 
342 (3) 
385  (3'i 
396  (4) 
399  (4) 
403(4) 
406(4) 
409  (4) 
412(4) 
414(4) 

224  f3) 
234  (3) 
253  (3) 
280  (3) 
312(3) 
337  (3) 
378  (3) 
391(4) 
401  (4) 
403  (4) 
417(4) 
423 (4) 
429(4) 
434  (4) 

186  (3) 
156  (3) 
222  (3) 
262  0) 

31P  t3) 
354  (2) 

397  (2) 

484  (2) 

556  (2) 

621  (2) 

679  f2) 

734  (2) 

784  (2) 

819  (5) 

- - 

143  (2) 
148  (2) 
161(2) 
181(2) 
211(2) 
253  (2) 
305  (2) 
367  (4) 
371(4) 
374  (4) 
376  (4) 

378  (4) 

379  (4) 

379  (4) 

•A  -  Calculitlons  based  on  Kendnck,  Part  IH,  second  solution.® 
B  -  Calculations  based  on  Bryant’s  EquaUon.® 


»»  Xuabers  In  parentheses  indicate  the  nunrber  of  circuaferenUal  lobes. 
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CONCLUSIONS 


1.  Expcrimsnts  indicate  that  an  intermediate  heavy  frame  can  serve  as  an  adequate  substitute 
for  an  internal  bulkhead  to  increase  the  general-instability  strength  of  a  ring-stiffened  cylinder. 

2.  In  determining  the  proportions  of  an  adequate  heavy  stiffener,  bending  rigidity  is  shown  by 
these  tests  to  be  of  much  greater  importance  than  torsional  rigidity,  at  least  for  external  frames. 

3.  The  excellent  agreement  with  experiment  shown  by  the  empirical  heavy  frame  formula  for 
the  geometry  tested  is  promising,  but  further  experimental  evaluation  is  needed. 

4.  Modifications  in  Kendrick’s  heavy-frame  theory  have  resulted  in  a  substantial  improvement, 
although  so.me  deficiencies  siiii  remain.  .Additional  tests  must  be  conducted  before  the  theory 
can  be  properly  evaluated 

RECOMMENDATIONS  FOR  FUTURE  WORK 

The  accuracy  of  the  empirical  and  theoretical  heavy-frame  solutions  should  be  investigated 
through  destructive  test.s  of  inexpensive  machined  cylinders  of  small  diameter  and  through  non¬ 
destructive  tests  of  larger  cylinders  with  interchangeable  rings  simulating  heavy  frames. 
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